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1. Equations in rational integers. Let F (X, Y) be an irreducible binary
form of degree n > 3 with coefficients in Z (the ring of rational integers) and
m a non-zero rational integer. In 1968, Baker [1] gave an explicit upper
bound for all the solutions of the Thue equation

1) 'F(x,y)::m in x,yeZ

which depends only on m, n and the height H(F) of F (ie. the maximal
absolute value of the coefficients of F). Here the irreducibility of F can be
replaced by the weaker assumption that w(F) > 3 where w(F) denotes the
maximal number of pairwise non-proportional linear factors of F in its
factorisation over C (see e.g. [10] or [20]).

After Baker had proved the effective version of Thue’s theorem on
equation (1), Coates [3], [4] showed that the dependence on m can be
replaced by dependence on the distinct prime divisors of m. He proved that if
FeZ[X, Y] is an irreducible binary form of degree n > 3 and if p,, ..., p,
are distinct prime numbers, then all solutions of the Thue-Mahler equation

2 F(x,y)=pl...ps° in x,y, U1y ooy V€2

with (x,y)=1 and v, 20, ...,0,>0, in absolute values are less than
a bound depending only on n, H(F), s and maxp;. As a consequence, he

established an explicit lower bound for the greatest prime factor P(F(x, y))
of F(x, y) in terms of & = max(|x|, |y|). These estimates of Coates have been
improved and generalised by others (for references see [2], [10], [21], [14],
[20]). In 1977, Shorey, van der Poorten, Tijdeman and Schinzel [19] proved
that if Fe Z[X, Y] is any binary form with @ (F) = 3 then for all pairs x, y
with (x, y) =1 and F(x, y) # 0,

* The research was partly done at the University of Leiden in the academic year 1983/1984.
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(3) P(F(x, y)) > C,loglog(Z +2)

where C, is an effectively computable positive number depending only on F.
Shorey and Tijdeman [20, Corollary 7.1] derived an effective upper
bound for the solutions of the equation

4) F(x,yY)=G(x,y) 1in x,yeZ with F(x,y) #0

where F, G are binary forms with rational integral coefficients such that
deg F >degG and o(F)=3. Since a binary form may be a constant,
equation (4) is more general than equation (1). Further it follows from the
arguments of their proof that if F, Ge Z[X, Y] are relatively prime binary
forms with «(F) = 3. then

F(x, y)
P
((F (x, ), G(x, )

when % — oo subject to (x, y) = 1.

In this paper we shall give various further generalisations some of which
in a quantitative form. For any rational number a, let P(a) denote the
maximum of the greatest prime factors of the numerator and denominator of
a (in its reduced form), but P(0)=P(1)=P(—-1)=1.

TueoreM 1. Let F, Ge Z[X, Y] be relatively prime binary forms. Let x
and v be rational integers with (x, vy =1 and G(x, v) # 0. If (FG) = 3, then

p ( F(x, y)

- > C,loglog(¥+2).
G(x,y)) 2 loglog( )

>—+oo, effectively,

If o(F)>3, then

( F(x, y)
(F(x. ). G(x. 1)

Here Z = max(|x|, |yl) and C,, C5 are effectively computable positive numbers
depending only on the (constant and non-constant) irreducible factors of FG in
Z[X.Y].

The second part of Theorem 1 has the following immediate consequence.

CoroOLLARY 1. Let F, Ge Z[X, Y] be relatively prime binary forms such
that w(F)>3. Let {p,,....p) be a set of prime numbers. Let
X, V, z, ky, ..., k, be rational integers with

) > Cyloglog(4'+ 2).

ZF(x, y) = G(x, Y)pi' .. e
(X, ,V)=1, G(x,y);é(), (27 plpt)=1
Then max(|x|, |y, |z, |ki|, ..., |k]) is bounded by an effectively computable

number depending only on the primes py, ..., p, and the (constant and non-
constant) irreducible factors of FG in Z[X, Y].
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This is an improvement of Theorem 7.3 of Shorey and Tijdeman [20].

In the next corollaries the restrictions concerning F and G are further
relaxed.

CoroLLARY 2. Let F,GeZ[X, Y] be relatively prime non-zero binary
formg. Suppose that F is not a constant multiple of a power of a linear or an
indefinite quadratic form. If x, y are rational integers such that

F(x, pIG(x,y), G(x,»)#0, (x,y)=1

then max(|x|, |y]) is bounded by an effectively computable number which
depends only on the degrees and heights of F and G.

CoroLLARY 3. Let F, GeZ[X, Y] be binary forms which satisfy the

conditions of Corollary 2 and also degF > deg G. Then all pairs of rational
integers x, y with

F(x, yIG(x,y), G(x,y) #0,

are such that max(|x|, |y|) is bounded by an effectively computable number
which depends only on the degrees and heights of F and G.

Corollary 3 implies the result of Shorey and Tijdeman on equation (4).

CoroLLARY 4. Let F,GeZ[X,Y] be distinct non-zero binary forms.
Suppose that F/G is not a constant multiple of a (positive or negative) power of
a linear or an indefinite quadratic form. If x, y are rational integers such that

5 F(xa J’) = G(xa y)’ (X, y) =1,

then max(|x|, |y|) is bounded by an effectively computable number which
depends only on the degrees and heights of F and G.

Theorem 2 gives an upper bound for the magnitude of the solutions of
(5) and Theorem 3 implies an upper bound for the number of solutions of (5)
both of which depend only on the irreducible factors of FG in Z[X, Y]. In
order to formulate these theorems we need some further notation. Let # be
an integral domain of characteristic 0 with quotient field K and let

F(X,Y)=a,X"+a, X\ ' Y+...+a,Y?,
G(X,Y)=boXi+b X' Y+...+b, YieR[X, Y]
be binary forms. Then the resultant R(F, G) of F and G is defined as follows:
1 if p=gqg=1,

R(F,G)=<d if p=0,¢>0,
by if p>0,9=0;
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ap ay .a, 0...0
0 ay ay cea, L
e N S B R L
0 by by ... by . :
0 ... 0 by by ... b,

where in the determinant the first ¢ rows contain the coefficients of F and
the other p rows the coefficients of G. The forms F and G have a non-
constant common factor in K[X, Y] if and only if R(F, G) =0.

Let Fy,...,F,, Gy,...,GieZ[X, Y] be non-zero binary forms with
coefficients having absolute values at most H (= 2). Suppose that for
j=1,...,rand j=1, ..., s the forms F;, G; have no non-constant common
divisor in Z[X, Y]. Let L denote the splitting field of F,...F,G;...G, and
I, R, h; the degree, regulator and class number of L, respectively. Let ¢ be
the number of distinct prime factors of

[l R(F; Gy

1<isr
1€jsys

and let P denote the greatest of these prime factors (with the convention that
P =2 if 1 =0). Finally, we define sets of binary forms #, % by

F='F: F(X,Y)=[] Fi(X, V)" for certain u,, ..., u,e N},

i=1
4=1G: G(X,Y)= fIlGi(X, Y)" for certain vy, ..., v,e N1.
Here N denotes the set of positive rational integers.
THEOREM 2. Ler n be the degree of F,...F,G,...G,. Suppose
w(Fy...F,G,...Gy) = 3.
If x, y are rational integers with
&) F(x,») =G(x,y, (x,y) =1,

for some Fe .7, Ge ¥, then

(6) max (x|, [y)) < exp {(r+s)n*((Co(t+1)log P)'Jr ! P)C5 logH!

where C, and Cs are effectively computable positive numbers such that C,
depends only on I, R, and h;, and Cs depends only on I.
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Note that the bound in the theorem depends only of F,,..., F,,
Gy, ..., G, If F and G have a common factor, then it can be divided out.
Any common factor of F and G is a binary form which yields only finitely
many new solutions of (5). In the special case r = 1,

GJ(X, Y)=pj fOI' j=1,...,S,

where py, ..., p; are distinct prime numbers, Theorem 2 gives an upper
bound for the solutions of the Thue-Mahler equation (2) for binary forms
Fe Z[X, Y] with o (F) = 3. For this case Gyory (cf. [9], Corollary 1) has
proved the same estimate, but with completely explicit values of C, and Cj.

We call elements ay, ..., a; of a field K multiplicatively independent in K

if ay a,...a, # 0 and if the only rational integers I, ..., I, for which ai!...a"
=1 are |, =... =1, =0. The following consequence of Theorem 2 relates

multiplicative independence of binary forms to multiplicative independence of
the values of these forms.

CoroLLARY 5. Ler Fi(X,Y),...,F.(X,Y)eZ[X,Y] be binary forms
such that Fy, ..., F,, P/Q are multiplicatively independent in Q(X, Y) for all
relatively prime binary forms P,Q in Z[X, Y] with o(PQ)e1,2). Then
there exists an effectively computable number C depending only on Fy, ..., F,
such that F,(x, y), ..., F.(x,y) are multiplicatively independent in Q for all
rational integers x, y with (x, y) =1 and max(|x], |y]) > Ce.

For binary forms Fe Z[X, Y] with w(F) > 3, Evertse [6] and Evertse

and Gyory [7] derived the upper bounds 2 ) 7253 and 4 x U+,
respectively, for the number of solutions of (2). Here n = deg(F) and [ is the
degree of the splitting field of F. (Thus 1 <I< n!) We shall generalise
Evertse’s result to the more general equation (5). ;

Tueorem 3. Let 7,4, F,, ..., F,, Gy, ..., G, and t be as above. Let n be
the degree of F,...F,G,...G,. Suppose o(F,...F,G,...G)>=3. Then the
:um;)%fzf){'af)airs x, ye Z for which (5) holds for some Fe &, Ge % is at most
2x7" .

This bound can be compared with the estimate (6) obtained for the
solutions themselves. Note that the upper bound in Theorem 3 is indepen-
dent of r. s, P, H and L.

For results on exponential diophantine equations

Ax"+ By™ = Cx"+ Dy",
see Shorey and Tijdeman [20, Chapters 2 and 7].

2. Equations in integers from an algebraic number field. We shall prove
Theorems 1, 2, 3 in the more general situation when the coefficients of the
binary forms and the unknowns of the equations assume their values in the
ring of integers of any given algebraic number field K. We shall refer to the
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general situation as the relative case, and to the case K = @ which was
considered in Section 1 as the absolute case.

In the sequel we shall use the following notation. If « is an algebraic
number, then [«] will denote the size of «, i.e. the maximum of the absolute
values of the conjugates of x. If f(X,, ..., X,) is a polynomial with algebraic
coefficients then we denote by [f] the maximum of the sizes of the coefficients
of /. The ring of integers of the algebraic number field K is denoted by (
and the group of units of (¢, by Ug. For x. ve ( we define

j{lK(x’ .V) = inf max(]’gﬂ’ m)(l)

ceUg
If %,.....%0eK then the ideal (i.e. ("y-module) generated by o, ..., o 18
denoted by “x;, ..., % k. In #%(x,y) and “xy, ..., % »x we suppress the

subscript K if no confusion can arise. If a is an ideal in K then we shall
denote the norm of a over Q by N(a). If a# ¢0), 1), then we define P(a)
as the maximum of the norms of the prime ideals occurring in the prime
ideal decomposition of a while if a= "0 or a= 71" then we put P(a) = 1.
If a= (o) with some ae K, then we shall often write P(x) instead of P({a}).

Before stating our results in this section, we remark that Coates’ result
[3], [4] mentioned in Section 1 was partially extended by Kotov [16] to the
relative case as follows. Let K be an algebraic number field, let Fe (([X, Y]
be an irreducible binary form of degree at least 5 and let n,, ..., 7, be non-
zero non-unit elements of (k. Then all solutions of the equation

(7 Flx,y)=nt..n in x, yely, vy,...,06Z
with N('x, vy <Ny, 10,20,...,0,=20

(where N, > 1) satisfy max([x].[v]) < C, where C- is an effectively compu-
table number depending only on K, F, n,, ..., n,, Ny. Kotov also proved
that for x, ye (4 with N(<{x, y>) < Ny,

(8)  P(F(x,v))> Cyloglog(-++2) with . {"=max ([N, o(x). INg,e(M)).

Later Gyory [8], [9] generalised Kotov's results to the case that
Fe (x[X, Y] is any binary form with w(F) > 3. Moreover, he proved that
(8) can be replaced by

®) P(F (x, y)) = Cologlog (.4 (x, y)+2).

(') For aeK, let a', ..., 2 denote the conjugates of « relative to K/Q, where d = [K: Q].
For x, ye (. let Hi(x,y) be the maximum of the absolute values of the coefficients of the
d

binary form [ (" X —x®Y). Then there are computable positive numbers ck, ¢, depending

i=1-
only on K, such that ¢k Hy(x, y) < Zx(x, ¥ < cg Hg(x, y).
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Here Cy and Cq are effectively computable positive constants depending only
on K, F and N,. Inequality (9) is an improvement of (8) since for X, ye Ok
both .

2(x, y) = ‘max (Ng,(x)], |NK/Q(’V)I))‘1/[K:Q]

and (when Uy is infinite)

Sup ,7.(.’&', y) = .

xnyUK
Further, (9) is a generalisation of (3) to the relative case. For related results,
see Sprindzuk [21], Gyory [9], [13], [14] and Shorey and Tijdeman [20].

Let Fy, ..., F,, Gy, ..., G, be non-zero binary forms in ¢, [X, Y] such

that F;, G; have no common non-constant divisors in K [X, Y] for | <i<r,

1<j<s that the form F,...F,G,...G, has degree n and that
w(F,...F,G,...G) > 3. Let

H =max(2,[F},....[F,}[G ....[G,).

Denote by L the splitting field of F,...F,G,...G, over K and let [, R,, h; be
the degree, regulator and class number o% L, respectively. Let |qy, ...., 0.1 be
a (possibly empty) set of distinct prime ideals. Further, suppose that the
number of distinct prime ideals which belong to the set |q,, ..., q,! or divide

the ideal H {R(F;, Gj)) is equal to  and let P be the maximum of the norms

i,j
of these prime ideals (with the convention that P.=2 if 1 =0.)
Finally, let Ny = 2 and

F='F(X,Y): F(X,Y) =[] F:(X, Y)¥ for certain ky, ..., ke N,

i=1
4="'G(X,Y): G(X,Y)= H G;(X, Y)lj for certain Iy, ..., e N].
. ji=1

THEOREM 4. Suppose that x, ye ( are not both zero and satisfy

F(x,y)) (G(x, y))qv1 vy

(10) {x, y>d°gF - (x, y>d9gG 1o Qus N((x, y>)< NO

for some Fe #, Ge ¥, vy, ..., v, Z. Then
C
(1) Ze(x,y) < exp ‘(r+5)n*(Cro(t+Dlog PY ™" P) ' log(No H) |

where C,o, Cy,. are effectively computable positive numbers such that Cio
depends on I, Ry, h;, and C,, depends only on L.

In (10) we considered expressions with powers of “x, y> in the denomi-
nator to provide a convenient generalisation of equation (5) in Theorem 2 in
which the variables x, ye Z satisfied the condition (x,y)=1. Note that
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Theorem 2 follows at once from Theorem 4 by taking K = Q, u =0, Ny = 1.
The condition N (¢x, y)) < N, is necessary, since if x, yve 'y satisfy (10) then
so do ax, ay for each ae ( with o # 0. We remark that from Theorem 4 we
can deduce a new version of Gyory's theorem on (7) in [9] with another
bound.

From Theorem 4 we shall deduce the following generalisation of The-
orem 1.

THEOREM 5. Let Fe #, Ge % Let x,y be elements of (g with
G(x,v)#0 and N({x, y5) < No.

If w(FG) >3 then

F(x, y) .
GE:, f};) > Cy, loglog(Z'(x, y)+2).

(12) P(

If w(F)=3 then

P( (F(x, y)>
(F(x,y), G(x, y)>

Here C,, and C,; are effectively computable positive numbers depending only
on K, Fy,...,F,, Gy, ..., G, and Ny.

Theorem 1 follows at once from Theorem 5 with K = Q, N, =1 and
Fy,...,F, and Gy, ..., G, being the (constant and non-constant) irreducible
factors of F and G, respectively, in Z[X, Y]. If Fe ([X, Y] is a binary
form with w(F) > 3, then (13) yields (9).

Evertse [5], [6] and later Evertse and Gydry [7] derived their upper
bounds for the number of solutions of (2) mentioned in Section 1 also in the
relative case. We shall now give a generalisation of Theorem 3 to the relative
case. If x, ye K satisfy (10) for some Fe #, Ge %, v,, ..., v,€ Z then so do
ax, 2y for all xe K\ |0]. Therefore it is natural to consider the set of points
on the projective line P*(K) of which the homogeneous coordinates (x:y)
satisfy (10) instead of considering the set of solutions of (10) itself. We shall
say that a projective point satisfies (10) if its homogeneous coordinates (x: y)
satisfy (10). In Theorem 6 we use the same notation as in Theorems 4, 5.
Moreover, let d = d, +2d, be the degree of K, where d, is the number of real
and 2d, the number of complex conjugates of K.

THEOREM 6. The number of points on P*(K) which satisfy (10) for some
Fe 7, Ge¥, Uy, ..., 1,€Z Is ar most

(13) )> Cy;loglog(Z(x, y)+2).

7n3(d+ 2(dy +dy+1))

Theorem 3 follows immediately from Theorem 6 on using that for each
point on P'(Q) there are exactly two possible choices for the homogeneous
coordinates (x:y) such that x, ye Z and (x, y) = 1.

We shall prove Theorems 4 and 6 by reducing (10) to an appropriate
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Thue-Mahler equation. To this Thue-Mahler equation we shall apply cer-
tain results of Gyory [11] and Evertse [6]. We note that Gyﬁry deltlved his
result by applying Baker's method concerning linear forms in logarithms of
algebraic numbers, while Evertse proved his result by applying a method of
Thue and Siegel.

3. Proofs of Theorems 1, 2, 4 and 5 and their corollaries. In Lemma 1 we
state some properties of resultants of binary forms which will be used
throughout the paper. We define the degree of the binary form which is
identically zero to be —1.

Lemma 1. Let 7 be an integral domain of characteristic 0. v

(i) Let F, Ge #[X, Y] be binary forms of degrees p =0, q >0, respect-
ively. Then for each binary form Qe #[X, Y] of degree p+q—1 there exist
binary forms Ay, Boe Z[X, Y] such that

(14) AoF+Bo,G=R(F, G)Q.
(i) Let Fy, F,, Ge Z[X, Y] be binary forms of degrees = 0. Then
R(F, F,, G) = R(F;, G) R(F3, G),
R(G, F, F;) = R(G, F;) R(G, F3).

Proof. (i) We shall prove that (14) holds with Ay, By having degrees at
most g—1, p—1, respectively. Consider the coefficients of Ay, By as p+q
unknowns. By equating the coefficients of the polynomials on the left and
right hand side of (14), we obtain a system of p+gq linear equations in p+¢
unknowns:

(16) Ax =b

(15)

where .o is a (p+q) x(p+¢)-matrix with entries in %, be#"" and x is a
vector consisting of the p+g unknowns. It is easy to check that the
determinant of <7 is equal to R(F, G) whereas all entries of b are divisible by
R(F,G). This shows that (16) has a solution xe #PTA,

(ii) Let F, Ge #[X, Y] be binary forms of degree p > 1, ¢4 > 1, respect-
ively, and take some factorisations

p 4q
i=1

j=1

in some finite extension K of the quotient field of #. Then
p q

(17) R(F,G) =11 [ (e: 8,—Biv))-
i=1j=1

A similar result for resultants of polynomials has been proved in van der
Waerden [22, § 35]. Formula (17) can be obtained by a slight modification of

6 — Acta Arithmetica XLVIIL4
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this proof. It is not difficult to derive (15) from (17) and the definition of the
resultant. m ,
We shall adopt the notations of Section 2. Further put

EX,V)=F (X,Y)..F,(X, V)G,(X, Y)...Gy(X, Y)

and let = {py, ..., p,} denote the set of distinct prime ideals in K which
belong to {qi, ..., q,} or divide H (R(F;, G;))>. We recall that, by assump-

iJ
tion, deg E = n. The following elementary lemma is essential in the proofs of
our results.

LemMma 2. If (x, y)e O3\ {0, 0} satisfies (10) for some Fe %, Ge¥%,

Uy, ..., U, Z, then there are non-negative rational integers u,, ..., u, such that
<E (X, y)> uj U,
(18) — =P ...pt.
x5 ) '

Proof. Let (x, y)e 0%\ {(0, 0)} and let Fe #, Ge %. Since, by assump-
tion, F and G have no common non-constant factor in K[X, Y], we have
R(F, G) # 0. Put p =degF, g =degG. We recall that an ideal a divides an
other ideal b if and only if b < a. The greatest common divisor of two ideals
a and b (i.e. the smallest ideal containing both a and b) is denoted by a+b.
Let K’ be the smallest extension such that {x, y)x is a principal ideal, with
generator 0 say. Put x' = x/d, y' = y/6. Then x/, y'e Oy and (X', y'D>x = 1.
Finally, put

c=<F(x, Wk | <G(x, y)>x
<x, yok X, vk

By (14) there are binary forms A4(X, Y), B(X, Y) in Ox[X, Y] such that
AX, )F(X, Y)+B(X, Y)G(X, Y) =R(F, G) XP*1 1,

Hence
O = <F (X, y), G(X, y)oxe
> (A, Y)F (X, )+ B(X, y)G(x, y)ox = (R(F, G)xP"47 ..
Similarly we have
g > (R(F, G)y?* o 1y,
Therefore, cOy. > {R(F, G)>g.. But this implies that
(19) ¢ > (R(F, G))x-

From now on we consider only ideals in K, so we omit the subscript K.
Let (x, y)e O%\{(0, 0)} be a pair satisfying (10) for some Fe %, Ge¥,
vy, ..., 0,€Z. Let p be a prime ideal not belonging to {q, ..., g,} which
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divides (E(x, y))/<x, y>". Then p divides at least one Ayof the ideals
CFile, )<, Y0 =1, .7, <Gl )Y/, 1Y (=1, ..., 9).

Therefore p divides at least one of the ideals

CF(x, p)Y/<x, pXiF,  (G(x, y)Y/<{x, ydies.

But by (10) this implies that p divides c. Together with (19) this shows that p
divides {R(F, G)). By combining this with (15) we obtain, on noting that
Fe #, Ge %, that p divides the ideal [] <R(F;, G;)}>. Hence <E(x, y))/{x, y>"

is composed solely of prime ideals ﬁ"Jom o

Let now B, my, ..., n, be non-zero elements of Ok such that =y, ..., n,
are not units. Let g’ denote the number of distinct prime ideals of K dividing
(ny...mg> and let P =max(2, P(n,...n)). Further suppose that
max[m| < # (2 = 2). Let Eo(X, Y)e Ox[X, Y] be a binary form of degree n
wilth splitting field L over K such that w(E,) = 3. In the proofs of Lemmas 3,
4, 5 and the proof of Theorem 4, cy,c,, ..., Cs, €1, C3, ¢3 will denote
effectively computable positive numbers such that ¢,, ¢,, ..., cs depend only
on I, Ry, hy and cj, ¢, ¢ only on L As before, Ny = 2.

Lemma 3. Let x, ye (g satisfy

Eo(x,y) = pny' .. 7% N({x, y) < No
for certain non-negative integers wy, ..., w,. Then
max((x], [y) <exp in*(g+ ) ((c: (¢’ + Dlog P " P')* (log ) log (No[EoTBD}.

Proof. This is an immediate consequence of Theorem 2 of Gyory [11]
(see also [12]).

LeMma 4. (i) Let a be an ideal in K. Then o

(ii) Let a be a non-zero element of K with |Ngq(x) =m and let v be a
positive integer. Then there exists a unit ¢ in K such that [ae'] < (mc3)!/%:@,

L:Klhy, . .. .
YL is a principal ideal.

Proof. (i) The ideal (aCf)L)h" is obviously principal in L. This implies

that the ideal a"*™ =N LK ((a(OL)hL) is principal in K.

(i) By Lemma 6 of [15], for each a'e L with [Ny o(@) =m #0 and
v'e N, there exists a unit # in L such that

W] < (s
Apply this result with ' =a, v = v[L:K]. Put ¢ = Ny (). Then, on taking

¢y =ch,
laeul —_ [a[L:K] ev[L:K]II/[L:K] - ] Nix (an””“”)l 1/[L:K]

s I;;;iv[L:K]I S INL,IQ(a)l 1/[L:Q} cg[L:K] — (mcti)ll[K:_ a
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In the lemma beiow, b will denote a non-zero integral ideal. As before,
No>2and P=P(p;,....,p) ift >0, P=21if t =0.

LeMMA 5. Suppose that x, ye Cx are not both equal to zero and that

{Eo(x, y) u u
20 Lol D)yt NGy <N
&, ¥
for certain non-negative rational integers u,, ..., u,. Then

t+1

Z(x, y) < exp 1n® (ca (t+ 1) log P) T P) log (No[EoIN (1)) ).
Proof. Let v;, w; be rational integers such that
0<v,<[L:Klhy—1 and u=[L:K]hwi+v (1<i<i).

By Lemma 4 (i), the ideals p,[L:K"'L are principal. Moreover,

[L:Kh LiKlh
N(p; 7 H < prrL,

Hence, by Lemma 4 (ii) with v =1, there exist m,, ..., m,€ Ok such that
[L:K]hp

{m>=p; and

(21) [Ml< P for i=1,...,¢t

There exists a f,e O such that (B, =bpi...p;" ¢x, y>" and
(22) Eo(x, y) = Bonit...m

Now

INg o(Bo)l < N(b) N PRI,
Hence, by Lemma 4 (ii), there exists a unit ¢ in K such that for g =¢"f,,
(23) [B1< (3 N (b) N3 AT Dy ki
Moreover, by (22),
(24) Eol(ex, ey) = Bny*...m "

Now Lemma 5 follows immediately from Lemma 3, (21), (23), (24), by taking
=P gd=qg=t u
Proof of Theorem 4. Theorem 4 follows at once from Lemmas 2 and
5 by observing that there exists a constant ¢; with

El<mH*""™ where H=max(2,[F;,....[F.}[Gih....[G.]). =
Proof of Theorem 2. Take K =Q, u=0, No=1 in Theorem 4. =

Proof of Corollary 5. Let F, (X, Y), ..., F,.(X, Y)e Z[X, Y] be binary
forms such that Fy, ..., F,, P/Q are multiplicatively independent in Q(X, Y)
for all relatively prime binary forms P, Q in Z[X, Y] with w(PQ)e {1, 2}.
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¢ and ¢, will denote effectively computable positive numbers depending only
on Fy,...,F,. If x and y are rational integers with (x, y)=1 and
Fi(x,y...F.(x,y) =0 then max(|x|, |y)) <ce. Let x and y be rational
integers such that max (x|, |yl]) > cs, (x, y) =1 and F,(x, y), ..., F,(x, y) are
multiplicatively dependent in Q. Let I;, ..., I, be rational integers, not all
zero, such that

(25)  F (6 Fx ) =1
Let

[1 F:(X, V) = P(X, Y))O(X, V),
i=1

where P, Qe Z[X, Y] are relatively prime binary forms. Then (25) implies
that

(26) Px, ) =0(x, 3, (x,y=1

Since F,, ..., F, are multiplicatively independent, P # Q. Moreover, P/Q can
not be a constant # 1 for otherwise (26) is impossible. Therefore w (PQ) > 3.
Let G,, ..., G be the (constant and non-constant) irreducible factors of PQ
in Z[X, Y]. Then w(G,...G) =3 and Gy, ..., Gy are irreducible factors
of F,...F,. Together with (26) and Theorem 2 this shows that
max(|x|, |¥|) < ¢;. This proves Corollary 5. =

Proof of Theorem 5. In what follows, cg, cg, ..., ¢;5 Will denote
effectively computable positive numbers depending only on K, N,
F,..., F,, G, ..., G;. We assume that xy # 0 which is no restriction in the
proofs of (12) and (13).

First suppose that F(x,y) =0. Then F;(x,y)=0 for some i with
1 <i<r. Together with xy # O, this shows that F;(X, Y) has at least two
non-zero terms. Hence

max (|Ngo(x)|, [Ngo()l) < cs-

By Lemma 4 (ii), there is a unit ¢ in K such that [ex]< co. Now F;(ex, ey)
=0 implies that [ey]< cyo. This proves (12) and (13) in case F(x,y)=0.

Now suppose that F(x, y) # 0. Put p =degF, g =degG. In order to
prove (12) it suffices to show that

P<<F(x, > /<G(x, D
(x, yOP (x, vY

For if loglog(#(x, y)+2) < ¢;2 := ¢1i' No then (12) holds for an appropriate
value of ¢;, and otherwise (27) implies that

(27)

) > ¢, loglog(Z(x, y)+2).

Foo )\ o (CFlx <G 1)
P(G(x, y))"P( <x,y>ﬂ/ % )

and (12) follows from (27).
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We shall now prove (27). Let
0= P<<F(x’ y)>/<G(X, J’)>>
X, yP [ <x, 9
and let 2= {q, ..., q,} be the set of all prime ideals with norm < Q. Then
Fx 90 _ G(xX, 0D vy
oy oyt T

for certain rational integers v,, ..., v,. Note that the prime ideals dividing
[T<R(F,, G;)> have norms at most c;3. For each prime number p there are

(28)

2y

at most [K: Q] prime ideals in K dividing <{p> and all of them have a norm

which is a power of p. Since there are at most 2Q/log Q rational primes not

exceeding Q (cf. [18]) we have u < ¢,,Q/log Q. Now Theorem 4 implies that
loglog (Z'(x, y)+2) < ¢;5Q.

This proves (27).
We shall now prove (13). Suppose that w(F) > 3. By (14) there exist
binary forms A;, A,, By, B, in Ox[X, Y] such that

A (X, Y)F(X,Y)+B,(X, Y)G(X, Y) = R(F, G) X?*4™1,
Ay(X, Y)F(X, Y)+B,(X, Y)G(X, Y) = R(F, G) YP*4 1,

This shows that the ideal {F(x, y), G(x, y)> divides (R(F, G)>{(x, yyr*4~ 1
In view of (15) this implies that

(29) P(<F(X, )’)7 G(X, y)>) < C16-
By applying (12) with s =1 and G, = 1, we obtain
(30) P(F(x, y)) > ¢, loglog (¥ (x, y)+2).

If loglog(Z'(x, y)+2) < cygci7 =:¢yg, then (13) follows. If
loglog (& (x, y)+2) > c15
then (29) and (30) give

P< CF(x, y)»
CF(x, ), G(x, y))>

)= P(F(x7 y)) > Cyq IOglOg(,%"(x, y)+2)‘

This completes the proof of (13). m

Proof of Theorem 1. Take K=Q, Ny=1 in Theorem 5. Let
Fi,...,F, and Gy, ..., G; be the (constant and non-constant) irreducible
factors of F and G, respectively. m

Proof of Corollary 2. We have either (i) w(F)> 3 or (i) F =¢-Q°
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where ce Q% aeZ, a >0 and Q is a definite quadratic form with coefficients
in Z or (iii) F = cL I, where ce Q% a,beZ, a>0,b>0 and L,, L, are
non-proportional linear forms with coefficients in Z. Put p =degF,
q =degG.

Let x, y be integers with (x, y) = 1. By applying (14) with Q = X?*97 1,
we obtain that (F(x, y), G(x,y)) divides R(F,G)x?*4"!  Similarly,
(F(x, y), G(x, y)) divides R(F, G)y”*4~ 1. Hence

(31) (F(x, ), G(x, V)|R(F, G).

Now suppose that x,y are integers with (x,y) =1, G(x,y) #0 and
F(x, y)|G(x, y). Then (31) implies that

F(x, YIR(F, G).

We claim that max(|x], |y|) can be bounded by an effectively computable
number depending only on the heights and degrees of F and G. In case (i)
this follows from Corollary 1 applied with ¢ = 0. In case (ii) it follows from
the fact that [Q(x, y)| = ¢;o {max(|x], |y|)}* for some effectively computable
positive number ¢, depending only on the height of Q. Finally, in case (iii)
we have

ILy(x, Yl <|cT'R(F, G)l, Ly (x, y)l <le™* R(F, G).

Since L, and L, are non-proportional, the claim is also justified in this
case. m

Proof of Corollary 3. We have p>¢g >0 where p=degF, ¢
=degG. Let x, y be integers with G(x, y) # 0 and F(x, y)|G(x, y). Put d
=(x, y), Xo = x/d, yo = y/d. Then d?"9F (xq, yo)|G (xq, ¥o)- Hence, by Corol-
lary 2, max(|xol, [yol) and therefore d are bounded by effectively computable
numbers depending only on the degrees and heights of F and G. =

Proof of Corollary 4. Let D be the greatest common divisor of F
and G in the ring Z[X,Y]. Put F, =F/D and G, = G/D. Let x,y be
rational integers with (x, y) =1 and F(x, y) = G(x, ). If F(x, y) =0, then
max (x|, |y|) does not exceed a computable number depending only on the
degree and height of F. Suppose that F(x, y) # 0. Then

Fi(x,y) =G,y(x,y).

Hence F, (x, y) G, (x, y) divides both {Fl(x, »}? and {G,(x, y)}? In view of
(31) this implies

Fy(x, y) Gy (x, Y{R(Fy, G}
Since F/G is a constant multiple of a power of a linear or an indefinite

quadratic form if and only if F, G, is, Corollary 4 follows at once from
Corollary 2 with F, G, and {R(F,, G,)}* replacing F and G, respectively. =
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4. Proofs of Theorems 3 and 6. We shall use the notation of Section 2.
Let ¥ = {p,, ..., p,! be a finite set of prime ideals in ¢4 and let a be a fixed
ideal in K. Let

W(a, #) ={aeK: Ju,, ..., e Z such that (x> = ap;'...p,"}.

Note that W({1), &) is just the group of S-units where S is the set of
valuations containing the archimedean valuations on K and the valuations
corresponding to py, ..., P;.

LEMMA 6. Let % be a finite set of prime ideals in Uy of cardinality t and
let a, b be fixed non-zero ideals in K. Then the number of solutions of the
equation

(32) x+y=1 in (x,y)eW(a, ) xW(b, &)

. d+2(dq+dy+1)
is at most 3 x7 1re2my

Proof. Suppose that (32) is solvable and let (4, u) be a fixed solution of
(32). Let U = W({1>, %). Then (x, y) is a solution of (32) if and only if there

are ¢, neU such that x =A4¢, y = up and Aé+un = 1. But by Theorem 1

of ‘Evertse [6] there are at most 3x7° -“17%2™

AM+u=1 =

Let F(X, Y)eK[X, Y]\ {0} be a binary form. The content of F with
respect to K, denoted by ¢ (F), is defined as the ideal in K generated by the
coefficients of F. We shall need the following generalisation of Gauss’
Lemma: if F(X,Y), G(X, Y) are binary forms in K[X, Y] then

(33) «(FG) = (F) (G).

This follows for example from Lang [17, Proposition 2.1].

For any point (x:y)e P! (K), the homogeneous coordinates x, y can be
chosen so that x, ye (4. Hence Theorem 6 is an immediate consequence of
Lemma 1 and Lemma 7 below.

LemMma 7. Let Eo(X, Y)e K[ X, Y] be a binary form of degree n with
w(Ey) =3 and let {py, ..., p,) be a set of prime ideals in K. Then the number
of points (x:y)e P*(K) satisfying

pairs (&, n)e U? with

<E0(X, .V)> u u
34 =t
. lBo) Cx, vyt P

3
. n3d+2(dy +do +1))
for some uy, ...,ueZ is at most 7 1¥dar)

Proof. There exists a field M of degree at most n(n—1)(n—2) over K
which contains the coefficients of three pairwise non-proportional linear
forms dividing Eq in M[X, Y], A(X, Y), B(X, Y), C(X, Y) say. Let s,, 2s,
denote the number of real and complex conjugates of M, respectively,
and let q;, ..., g, be the prime ideals in 0, lying above p,, ..., p,. Then
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(35) sits;+u<nm—1)(n—2)d,+d,+1), [M:0]<n(n—1)(n—2)d.

Let ()c:y)e.P1 (K) be a point satisfying (34) for certain u,, ..., u,€ Z. Sincé
the left-hand side of (34) is an integral ideal, the u; are non-negative. Since

the linear forms A4, B and C are linearly dependent, there are non-zero
elements «, fe M such that

2A(X, Y)+BB(X, Y)=C(X, Y). identically in X, Y.

Put u = ocA(fc, Y)/C(x, y), v=PBB(x, y)/C(x, y). Then u+v = 1. Moreover,
by (33), the integral ideals

CA(x, Y)Om (B(x, ¥)>u C(x, Y)ou
o (A) 6 yom” ar(B) G o () <x, YDu
divide the left-hand side of (34) and are therefore composed of prime ideals
from & = {ay, ..., q,}. It follows easily that ue W(a, &%), ve W(b, &) where
a= <adpy (4 cn(C), b= By cn(B)cy(C).

Moreover the projective point (x:y) is completely determined by u, v. Now a
combination of Lemma 6 and (35) with the facts mentioned above yields that
the number of points (x:y)e P* (K) which satisfy (34) for certain u,, ..., 4, Z
is at most

IxT

n(n—1)(n—2)(d+2(d1 +dy +1)) n3d+2(dy +dy+1)
<7 .

Proof of Theorem 3. Apply Theorem 6 and use that for each point
on P!'(Q) there are exactly two possible choices for the homogeneous
coordinates (x:y) such that x, yeZ and (x,y) =1 =
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